We propose an improved algorithm for computing mod ℓ Galois representations associated to a cusp form f of level one. The proposed method allows us to explicitly compute the case with ℓ = 29 and f of weight k = 16, and the cases with ℓ = 31 and f of weight k = 12, 20, 22. All the results are rigorously proved to be correct.
Introduction
In 1995, René Schoof asked Bas Edixhoven that: given a prime number p, can one compute Ramanujan's tau function τ (p) defined by
(1 − q n ) 24 = n τ (n)q n in time polynomial in log p? In the book [9] , S. J. Edixhoven, J.-M. Couveignes, R. S. de Jong and F. Merkl give an affirmative answer. They generalize Schoof's algorithm [17] and show that
There exists a deterministic algorithm that on input a prime number p computes τ (p) in time polynomial in log p.
Ramanujan observed the remarkable property of τ (p):
|τ (p)| ≤ 2p 11/2 for prime p, which was proved by P. Deligne. In fact, he [6] shows that there exists a continuous semi-simple representation
This representation is unique up to isomorphism and it has the property that for primes p not dividing Nℓ one has τ (p) ≡ tr(ρ ∆,ℓ (Frob p )) mod ℓ.
In [9] , Edixhoven and Couveignes give a polynomial time algorithm to compute the modular Galois representation and thus the value modulo ℓ of Ramanujan's tau function at p. Then combining with the property |τ (p)| ≤ 2p 11/2 for primes p and the Chinese remainder theorem one can compute τ (p). It is well known that the representation appears in the group of ℓ-torsion points of the Jacobian variety of the modular curve X 1 (ℓ). If the genus g of X 1 (ℓ) is equal to 1, the question boils down to the case of an elliptic curve, which has been solved by Schoof's algorithm.
Since the Galois representation ρ ∆,ℓ is 2-dimensional, the fixed field of ker(ρ ∆,ℓ ) can be described as the splitting field of a certain polynomial P ∆,ℓ ∈ Q[x] of degree ℓ 2 − 1. Moreover, the associated projective representation can be described as the splitting field of a certain polynomialP ∆,l ∈ Q[x] of degree ℓ + 1.
In general, all the discussions above hold for modular forms with level 1.
Unfortunately the algorithm described in [9] is difficult to implement. J. Bosman [2] used this algorithm to approximately evaluateP f,ℓ of mod ℓ Galois representations associated to modular forms f of level 1 and of weight k ≤ 22, with ℓ ≤ 23. But since the required precision in the calculations grows quite rapidly with ℓ, Bosman did not compute more cases.
In this paper we present an improvement in case gcd(k − 2, l + 1) > 2. In these cases there is a modular curve X Γ with Γ 1 (ℓ) Γ ≤ Γ 0 (ℓ) with the property that the 2-dimensional Galois representation is a subrepresentation of the ℓ-torsion points of the Jacobian of X Γ . Therefore we can do the computations with the Jacobian of X Γ rather than the Jacobian of X 1 (ℓ) that Bosman used. Since the genus of X Γ is smaller than that of X 1 (ℓ), the required precision is smaller and the computation is more efficient. This allows us to deal with cases that were inaccessible by Bosman's original algorithm.
As an example, we succeed to compute the mod 31 Galois representation associated to discriminant modular form ∆. For ℓ = 29 and 31, we also compute the mod ℓ Galois representation associated to the unique normalised cusp forms of level 1 and weights 16, 20 and 22. The correctness of eachP f,l is then verified by an application of Serre's conjecture, proved by Khare-Wintenberger [11] .
We compute the values modulo 31 of Ramanujan's τ function at some huge primes up to a sign. As a consequence we can verify Lehmer's conjecture up to a large bound. More precisely, we show that
This improves Bosman's bound by a factor approximately equal to 43.
Outline of the Algorithm
Let N be a positive integer. The congruence subgroup Γ 1 (N) of level N is
Let k ≥ 2 be an integer. Let f = n>0 a n (f )q n ∈ S k (Γ 1 (N) be a newform of weight k and level N. Let ε be its nebentypus character. Let K f be the number field which is obtained by adjoining all coefficients a n of the q-expansion f to Q. Let ℓ be a prime number. Let λ be a prime of K f lying over ℓ. Denote by K f,λ the completion of K f at the prime λ. Then thanks to Deligne, we know that there exists an irreducible representation associated to f
that is unramified outside Nℓ. Furthermore, for all primes p ∤ Nℓ, the characteristic polynomial of the representation at Frobenius element F rob p is x 2 − a p (f )x + ε(p)p. It is possible to reduce the representation modulo λ. We have the following well known theorem: Theorem 2.1. f ∈ S k (N, ε) be a newform. Let λ be as above and let F λ denote the residue field of λ. Then there exists a continuous semi-simple representation
that is unramified outside Nℓ, and for all primes p ∤ Nℓ the characteristic polynomial of ρ f,λ (F rob p ) satisfies
Moreover, ρ f,λ is unique up to isomorphism.
The discriminant modular form is given by
and its Fourier coefficients define the Ramanujan's tau function τ (n). In the book [9] , S. Edixhoven and J.-M. Couveignes generalize Schoof's algorithm [17] and show that
There exists a deterministic algorithm that computes the mod ℓ Galois representation associated to level one modular forms in time polynomial in ℓ.
Since we have the congruence relation
this algorithm can be used to compute τ (p) mod ℓ in time polynomial in log p and ℓ. Fix a prime number ℓ and let λ be a prime lying over ℓ. The residue field of the ring of integers of Q ℓ is isomorphic to F ℓ . And then since F λ ⊂ F ℓ , we can view our representation ρ f,λ as taking values in GL 2 (F ℓ ). In [14, Theorem 2.2], the author shows that if 2 < k ≤ ℓ + 1 and ρ f,λ is ireducible, then there is a newform f 2 ∈ S 2 (Γ 1 (Nℓ)), together with a prime λ 2 lying over ℓ of the coefficient field K f 2 , such that ρ f 2 ,λ 2 is isomorphic to ρ f,λ . Therefore, for any p ∤ Nℓ, the matrices ρ f,λ (F rob p ) and ρ f 2 ,λ 2 (F rob p ) have the same characteristic polynomial in F[x]. This allows Edixhoven and Couveignes to reduce the questions to the weight 2 cases. Now we suppose that ρ f,λ is a mod ℓ Galois representation associated to a newform f ∈ S 2 (Γ 1 (ℓ)) with character ε. Let X 1 (ℓ) be the modular curve associated to Γ 1 (ℓ) and J 1 (ℓ) denote its Jacobian. Denoting T the Hecke algebra generated by the diamond and Hecke operators over Z, i.e. T = Z[T n , n : n ∈ Z + and (n, ℓ) = 1], then T ⊂ EndJ 1 (ℓ) and we have a ring homomorphism θ : T → F λ , given by d → ε(d) and T n → a n (f ). Let m denote the kernel of θ and put
This is a 2-dimensional T/m-linear subspace of J 1 (ℓ)(Q)[ℓ] and the semisimplification of the representation
is isomorphic to ρ f,λ (see [15, Section 3.2 
and 3.3]).
If # T/m = ℓ, then the fixed field of ρ f,λ is naturally the splitting field of a suitable polynomial P f,λ ∈ Q[X] of degree ℓ 2 − 1. More precisely, we can take
for some suitable function h in the function field of X 1 (ℓ). Here h(P ) has the following meaning. If g is the genus of X 1 (ℓ), then we can write each divisor P ∈ V λ − {0} as
Composed with the canonical projection map GL 2 (F λ ) → P GL 2 (F λ ), the representation ρ f,λ gives a projective representationρ f,λ : Gal(Q|Q) → P GL 2 (F λ ).
Since the projective line P(V λ ) has ℓ + 1 points, the fixed field ofρ f,λ is naturally the splitting field of a suitable polynomialP f,λ ∈ Q[X] of degree ℓ + 1. More precisely, we can take
J. Bosman first uses a complex approximation approach to compute the points in V ℓ over C and then from these computed points evaluates approximatelyP f,ℓ . In the end, he explicitly computes mod ℓ Galois projective representations associated to modular forms of level 1 and weight up to 22, with ℓ ≤ 23. For details, we refer to [3, Chapter 2].
Galois Theory of Modular Curves
Let ℓ be a prime number and Γ be a congruence subgroup of level ℓ. Let h denote the upper half plane and X Γ = (Γ \h) ∪ (Γ \(Q ∪ ∞)) be the modular curve for Γ . The function field of the modular curve X Γ is denoted by C(X Γ ). Then from [7, Section 7.5] we know that the function field extension C(X(ℓ))|C(X(1)) is Galois with Galois group Gal(C(X(ℓ))|C(X(1))) ∼ = SL 2 (Z/ℓZ)/{±I}, and the extension C(X 1 (ℓ))|C(X 0 (ℓ)) is Galois with Galois group
This allows us to speak of the Galois theory of modular curves over C via the Galois theory of their function fields. Let G =Gal(C(X Γ )|C(X 0 (ℓ))). Since the meromorphic differentials of the modular curve X Γ form a 1-dimensional vector space over C(X Γ ) generated by df for a non-constant function f ∈ C(X Γ ) that is Γ -invariant, the differentials space is isomorphic to C(X Γ ) as G-module.
Algorithm for Our Cases
In this section we will explain how to compute the polynomial P f,λ in (2.2), the splitting field of which is the fixed field of the Galois representations ρ f,λ associated to a modular form f of level 1. All the discussions in this section also hold for the case of projective polynomialP f,λ in (2.3). As explained in Section 2, our main task is then to compute the 2-dimensional F λ -linear space V λ . We will do this as Bosman except that we work with a modular curve that sometimes has smaller genus than X 1 (ℓ).
Finding modular curves
Let k > 0 be an even integer and let ℓ be a prime number with k ≤ ℓ + 1. Let f ∈ S k (SL(2, Z)) be a newform of level 1. In general, the modular curve to realize the representation ρ f,λ is X 1 (ℓ) which has genus (ℓ − 5)(ℓ − 7)/24, but we have Proposition 4.1. Let k > 0 be an even integer and f ∈ S k (SL(2, Z)) be a newform of level 1 and weight k. Let ℓ ≥ k − 1 be a prime number and λ be a prime lying over ℓ. Let Γ be the unique group
gcd(k−2, ℓ−1). Then there exists a newform f 2 ∈ S 2 (Γ ) and a prime λ 2 lying over ℓ in the field K f 2 such that ρ f,λ is isomorphic to ρ f 2 ,λ 2 .
Proof. It follows from [14, Theorem 2.2] that there exists f 2 ∈ S 2 (Γ 1 (ℓ)) and a prime λ 2 |ℓ such that ρ f,λ is isomorphic to ρ f 2 ,λ 2 . Since the character of f is trivial in our case, for any p ∤ ℓ, by (2.1) we have the equalities in F:
Here ε 2 is the nebentypus character of f 2 , which is a Dirichlet character of the cyclic group (Z/ℓZ) * . Let ω be the cyclotomic character and then it follows from the second equation in (4.1) that ε 2 = ω k−2 . By (3.1), the map X 1 (ℓ) → X 0 (ℓ) is Galois and its Galois group is (Z/ℓZ) * /{±1}. Now let H denote the normal subgroup ker(ω k−2 )/{±1} of (Z/ℓZ) * /{±1}. By the Galois theory of function fields of modular curves, we have an intermediate curve X of X 1 (ℓ) → X 0 (ℓ) such that the Galois group of X 1 (ℓ) → X is H. Let ϕ denote the surjection:
whose kernel is Γ 1 (ℓ). Let Γ H be the preimage of {±1}H under ϕ. Then we have X = X Γ H and ker(ϕ) ⊆ Γ H , since #H =
To complete the proof we only need to check that f 2 ∈ S 2 (Γ 1 (ℓ)) also lies
Once we find a congruence subgroup Γ H of level ℓ with Γ 1 (ℓ) ⊂ Γ ⊂ Γ 0 (ℓ) , such that the associated newform f 2 ∈ S 2 (Γ 1 (ℓ)) lies in S 2 (Γ H ), then X Γ H can be taken as the modular curve to realize the representations. The proof implies that X 1 (ℓ) → X Γ H is Galois with Galois group H.
The gcd(ℓ − 1, k − 2) cannot be larger than ℓ − 1 or k − 2. If it is equal to ℓ − 1, the character ω k−2 is trivial and the representation is actually a subrepresentation of the ℓ-torsion of the Jacobian of X 0 (ℓ). This happens for instance for k = 12 and ℓ = 11 reducing the computation to a calculation on the genus 1 curve X 0 (11). If it is equal to k − 2, we have ℓ ≥ k − 1 with ℓ ≡ 1 (mod k − 2). This happens for instance for k = 12 and ℓ = 31.
Realization of ρ in the Jacobian of a modular curve
Let k > 0 be an even integer. Suppose H=ker(ω k−2 )/{±1}. In this subsection, we assume that ℓ ≥ k − 1 is a prime number and f ∈ S 2 (Γ 1 (ℓ)) has character ω k−2 and then lies in S 2 (Γ H ) where Γ H corresponds to H via ϕ in (4.2). Let X Γ H be the modular curve of the subgroup Γ H and denote J Γ H its Jacobian. Then X 1 (ℓ) → X Γ H is Galois with Galois group H. As discussed in Section 3, the meromorphic differential space over X 1 (ℓ) is isomorphic to C(X 1 (ℓ)) as Gal(C(X 1 (ℓ))|C(X 0 (ℓ)))-module and from this it follows that the holomorphic differential space Ω
Description of the computations
Now we show how to explicitly compute the polynomial
First of all, J Γ (C)[ℓ] can be described in terms of modular symbols by the isomorphisms
Let g be the genus of J Γ . Taking a basis f 1 , ..., f g of S 2 (Γ ), we can compute the period lattice Λ ⊂ C g by integrating (f 1 , ..., f g ) along elements of H 1 (X Γ , F ℓ ). Let T ′ be the the Hecke algebra over S 2 (Γ ). Since the action of T ′ ⊂End(J Γ ) on S 2 (Γ ) can be numerically computed [21] , we thus obtain approximations of the torsion points of V λ ⊂ 1 ℓ Λ/Λ. Then using the Newton iteration approximation method, we can find torsion divisors via the Abel-Jacobi map and finally compute the polynomial in (2.2).
This approximation method requires very high precision even when ℓ is quite small. But since the precision depends on the dimension of the Jacobian J Γ , replacing by J Γ whose dimension is smaller than J 1 (ℓ) reduces a large number of calculations and therefore we can compute the cases for larger ℓ.
Examples
For k = 12, 14, 16, 18, 20 and 22, let ∆ k denote the unique cusp form of level 1 and weight k. In [2] , Bosman computed the modular projective polynomialsP ∆ k ,ℓ for several values of ℓ and k. We add a few more polynomials to this list using the algorithm described in Section 4.
We first give a list of (k, ℓ) with gcd(k − 2, ℓ − 1) > 2 for which we have computed the polynomialsP ∆ k ,ℓ together with the dimensions of J 1 (l) and The computations done to obtain these polynomials required a precision of about 4200 bits for ℓ = 31 and 3500 bits for ℓ = 29. The calculations ahev been done in SAGE [16] . They took about 10 days for each of the cases with ℓ = 31 and one week for the case ℓ = 29. The polynomialP ∆ 12 ,31 has also been obtained by Zeng [22] . His method avoids the high precision computations and is based on p-adic computations. Mascot [13] claims to have computed a polynomial P ∆ 12 ,29 , but unfortunately he has not provided us with the polynomial. It is difficult to rigorously prove that the computations have been done with sufficient accuracy and that therefore the results are correct. However, once the polynomial is computed, one can verify that it is correct using Serre's conjecture.
Let ℓ be a prime. A Galois representation ρ : Gal(Q|Q) → GL 2 (F ℓ ) has a Serre level N(ρ) and a Serre weight k(ρ). See [20] for Serre's definition and [8] for a reformulation. Then we have the following famous Theorem which has been fully proved by C. Khare and J. P. Wintenberger in 2008:
Theorem 5.1 (Serre's Conjecture). Let ℓ be a prime and let ρ: Gal(Q|Q) → GL 2 (F ℓ ) be a representation that is irreducible and odd. Then there exists a newform f of level N(ρ) and weight k(ρ) and a prime λ of K f above ℓ such that ρ is isomorphic to ρ f,λ .
Proof. See [11] Now we have Proposition 5.2. For each pair (k, ℓ) in Table 1 , we denote ∆ k the normalized newform of weight k and level 1. Then the polynomialP ∆ k ,ℓ in the Table 1 is irreducible. The Galois group of its splitting field is isomorphic to P GL 2 (F ℓ ). Moreover, a subgroup of Gal(Q|Q) fixing a root ofP ∆ k ,ℓ corresponds viaρ ∆,ℓ to a subgroup of P GL 2 (F ℓ ) fixing a point of P 1 (F ℓ ).
Proof. First, the algorithm in [10, Algorithm 6.1] which has been implemented in MAGMA [1] was used to compute the Galois group Gal(P ∆ k ,ℓ ) of the polynomials in Table 1 as a permutation group acting on the roots. The practical calculations can be done in several seconds. It provides us with an isomorphism
Then we have a projective representationρ k,ℓ : Gal(Q/Q) ։ P GL 2 (F ℓ ) by composing the canonical map Gal(Q/Q) ։ Gal(P ∆ k ,ℓ ) with the isomorphism in (5.1). Since the group P GL 2 (F ℓ ) has no outer automorphisms, up to isomorphismρ k,ℓ is uniquely determined byP ∆ k ,ℓ .
We denote K k,ℓ := Q[x]/(P ∆ k ,ℓ ) the number field defined byP ∆ k ,ℓ and the integer ring of K k,ℓ is denoted by O k,ℓ .
Let G be a subgroup of Gal(Q|Q) fixing a root ofP ∆ k ,ℓ . By the canonical map Gal(Q/Q) ։ Gal(P ∆ k ,ℓ ), the group G corresponds to a subgroup of
, and thus the image of G viaρ k,ℓ is a subgroup of P GL 2 (F ℓ ) of index ℓ + 1, which by [9, Lemma 7.3.2] is the stabiliser subgroup of a point in P 1 (F ℓ ). Therefore, via Galois theory K k,ℓ is the fixed field of a subgroup of Gal(Q|Q) fixing a root ofP ∆ k ,ℓ which corresponds to the stabiliser subgroup of a point in P 1 (F ℓ ). For each (k, ℓ) in Table 1 , the discriminant of the field K k,ℓ over Q is (−1) (ℓ−1)/2 ℓ k+ℓ−2 . This can be shown as follows. One can compute the discriminant D(P ∆ k ,ℓ ) ofP ∆ k ,ℓ and the discriminant D k,ℓ of the number field K k,ℓ divides D(P ∆ k ,ℓ ). Then for each prime divisor q of the discriminant of D(P ∆ k ,ℓ ) one can efficiently compute the power of q that divides the discriminant of K k,ℓ using the algorithms in [4, Section 6] . In the cases with ℓ = 31 it is easy to factor the discriminants of the polynomialsP ∆ k ,31 and then the discriminants of K k,31 turn out to be ℓ k+l−2 . In the case ℓ = 29, the discriminant ofP ∆ k ,ℓ can be factored as 3
where B is a product of big primes and has about 162 decimal digits. We have failed to factor B and checked that it is not divisible by any prime . Now we take a lifth of h. The fact that the minimal polynomial ofh/B is a divisor of the resultant R(X) of (X −h(x))/B andP ∆ 16 ,29 (x) with respect to x allows us to show thath/B is an algebraic integer. Therefore any prime divisor of B can not be a factor of D 16, 29 . Then it follows from [4, Section 6] that D 16,29 = 29 43 . All the explicit computations involved here are trivial. Now each prime p = ℓ is unramified in K k,ℓ and in all four cases it follows thatρ k,ℓ is unramified at all p = ℓ. By a lifting ofρ k,ℓ we mean a representation ρ k,ℓ : G → GL 2 (F ℓ ) that makes the following diagram commute:
Gρ
where the maps on the bottom and the right are the canonical ones. Then from [18, Section 6], we knowρ k,ℓ has a lifting which is unramified outside ℓ and therefore has Serre level 1. By [9, Corollary 7.2.10] the minimal weight of a lifting ofρ k,ℓ equals v ℓ (Disc(K k,ℓ |Q)) − ℓ + 2 = k. This shows thatρ k,ℓ has a lifting ρ k,ℓ with weight k and level 1.
The representation ρ k,ℓ is odd in all four cases. Indeed, suppose not. Then the image under ρ k,l of a complex conjugation ι is ±Id ∈ GL 2 (F ℓ ). This implies thatρ k,l (ι) is trivial. It follows that K ℓ,k is totally real. However, this cannot be true. Indeed, for ℓ = 31 the discriminant of K k,ℓ is negative, while for ℓ = 29 the polynomialP ∆ 16 ,29 (x) = 30 i=1 a i X i has the property that a 2 1 − 2a 0 a 2 < 0, which implies that the sum of the reciprocals of its roots is negative.
The fact that Imρ k,ℓ = P GL 2 (F ℓ ) implies that ρ k,ℓ is absolutely irreducible. For each (k, ℓ) in Table 1 , the cuspidal space S k (SL 2 (Z)) has dimension 1 and Serre's conjecture ensures that ρ k,ℓ ∼ = ρ ∆ k ,ℓ , and hencẽ ρ k,ℓ ∼ =ρ ∆ k ,ℓ .
As an example we also computed the following congruence relations in Z/31Z: τ (10 1000 + 4351) = ±8, τ (10 1000 + 10401) = 0, τ (10 1000 + 11979) = ±11, τ (10 1000 + 17557) = ±8.
To obtain these relations, it took about half an hour in SAGE. In 1947, D. H. Lehmer conjectured that τ (n) = 0 for all n. In [12, Theorem 2] he proved that the smallest n for which τ (n) = 0 must be a prime. J-P. Serre [19] showed that if τ (p) = 0 for a prime p, then p ≡ −1 mod 2 11 3 7 5 3 691, p ≡ −1, 19, 31 mod 7 2 and p ≡ a non-square mod 23.
We systematically searched for the smallest prime p in these congruence classes for which in addition τ (p) ≡ 0 mod 11 · 13 · 17 · 19 · 31. The smallest prime we found is p = 982149821766199295999.
Then we have
Corollary 5.3. The non-vanishing of τ (n) holds for all n < 982149821766199295999.
Proof.
We did the searching computations in PARI and it took around one hour. In [9, Corollar 7.4 ], Bosman's bound is 22798241520242687999 and our bound improves his by a factor approximately equal to 43. In the paper [22] , Zeng also obtained the same prime. on this paper. The author shows great gratitude to Johan Bosman for his continuous assistance throughout our work. Also, thanks to Bas Edixhoven for his enlightening explanation and comments on the original algorithm. Thanks also go to Mark van Hoeij who explained to the author the algorithm to compute the discriminant of the number field for the case with (k, ℓ) = (16, 29) .
